Abstract: We analyze a bi-gravity model based on the first order formalism, having as fundamental variables two tetrads but only one Lorentz connection. We show that on a large class of backgrounds its linearization agrees with general relativity. At the non-linear level, additional degrees of freedom appear, and we reveal the mechanism hiding them around the special backgrounds. We further argue that they do not contain a massive graviton, nor the Boulware-Deser ghost. The model thus propagates only one graviton, whereas the nature of the additional degrees of freedom remains to be investigated. We also present a foliation-preserving deformation of the model, which keeps all symmetries except time diffeomorphisms and has three degrees of freedom.
Introduction
Bi-gravity and massive gravity provide modifications of general relativity (GR) that have given rise to much theoretical and phenomenological discussions in the literature, motivated by finding alternatives to ΛCDM or by exploring potential quantum gravity models. Interest spiked after the identification of ghost-free interactions [1, 2, 3] , which eliminated a first obvious obstruction in the viability of these models -the so-called Boulware-Deser (BD) ghost [4] which typically appears in massive gravity models at non-linear level. Although the ghost-free interactions are somewhat cumbersome-looking in the metric language, they are very natural in tetrad variables, where they appear as the only polynomials generalizing the cosmological constant term which can be written using differential forms [5] (see also [6] ). 1 There is also a similar formulation using self-dual 2-forms [7] , albeit only for the symmetric one of the 3 possible ghost-free interaction terms. See also [8, 9, 10] .
Nevertheless, there are other difficulties which plague these models, including a-causal propagation [11, 12, 13, 14] and reappearing of ghost instabilities around cosmological homogeneous solutions [15, 16] . See [17, 18] for recent reviews. In the bi-gravity context [19, 20] , these difficulties are induced by the degrees of freedom of the second, massive graviton. This raises the question of whether it is possible to find infrared modifications of GR in which eventual additional degrees of freedom do not behave like a massive graviton.
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At the same time, the beauty and simplicity of the tetrad formulation of the ghost-free interactions calls for being part of the story. But how can one avoid the appearance of the second graviton in the presence of the two tetrads used to build these interactions? Consider the following reasoning.
The other three known interactions of nature are all carried by a connection field taking values in the appropriate Lie algebra. While Einstein's general relativity uses the metric as fundamental variable, it is known that it can be reformulated as a gauge theory, using a tetrad and a connection valued in the Lie algebra of the Lorentz group. The connection is however algebraically determined by the tetrad, and therefore does not have a fundamental dynamical role. But regarding the connection as the carrier of gravitational interactions suggests that even if one takes several tetrads, but charged under the same Lorentz connection, one would describe just one graviton.
With such a motivation in mind, in this paper we analyze a model that implements this idea. Defined by two Einstein-Cartan actions plus the polynomial interactions mentioned above, see (2.4) below, it can be viewed either as a simple modification of the first order action of GR, or as a variation on the theme of ghost-free bi-gravity. It takes as fundamental variables two tetrads, but only one connection. Although the connection is still algebraically determined by the tetrads by the equations of motion, it is a complicated function thereof which does not coincide with the usual Levi-Civita solution. The resulting dynamics is thus quite different from both GR and bi-gravity theories, and so is the identification of the physical degrees of freedom.
A version of the model considered here has already appeared in the literature [23] , but with only one tetrad dynamical and the second one frozen, thus regarded as a modification of massive gravity rather than bi-gravity. It was found that the model propagates a massive graviton plus some additional degrees of freedom, although the analysis was not conclusive about their number. In related papers [24, 25] , it was also shown that any attempt to modify the kinetic term of GR (and our modification can indeed be considered as a modification of the kinetic term) would introduce a BD ghost, since at least one of the second class constraints removing it would be lost. As we show in this paper, the situation with both tetrads dynamical and just one connection is quite different.
Our first result is that the linearization of the model around a large class of backgrounds -including the doubly-flat one -contains a single massless spin-2 particle which obeys the linearized Einstein's equations, in agreement with the diffeomorphism invariance of the action. This implies that this modified theory of gravity is indistinguishable from GR in this linear regime, despite involving two tetrads. This is in a striking difference with standard bi-gravity where the linear spectrum always contains a massive graviton.
Next, we perform the canonical analysis of the model at non-linear level, finding that additional degrees of freedom do appear. Specifically, the model has 8 physical degrees of freedom in total. This is deceivingly the same number as in old bi-gravity models containing a massless graviton (2 degrees of freedom), a massive graviton (5) and the scalar BD ghost (1) , however in our case the behavior of the degrees of freedom and hence their interpretation are different. First of all, the 5+1 additional degrees of freedom of bi-gravity models show up at linear level around the doubly-flat background, whereas as stated above, in our model they are hidden around this particular background, as well as around a much larger class. 3 In addition, the origin of the additional modes is very different from the origin of the massive graviton in bi-gravity, and more similar to the additional modes discussed in [23] . Hence, we argue that there is no massive graviton in the spectrum. Furthermore, we also show that the spectrum is free from the BD ghost because both constraints removing it in the usual ghost-free bi-gravity are still present. These are the two desired features that we expected from our model. At the same time, the precise geometric nature of the additional degrees of freedom remains to be investigated.
In the end of the paper we also consider a modification of our model obtained by imposing an additional constraint, which can also be viewed as a restriction of the original model to a particular sector of the phase space. The additional constraint introduces a preferred foliation and breaks time diffeomorphisms, but is consistent with all other symmetries and leads to a drastic reduction of degrees of freedom. We show that the modified model propagates only 3 degrees of freedom, similarly to various known examples of foliation-preserving modifications of GR [27, 28, 29] .
The organization of the paper is as follows. In the next section we present the model and discuss its general features. In section 3 we study its linearization, first around the doubly flat background and then around arbitrary conformally related tetrads. Next, in section 4 we explain the results of linearization from the analysis of the kinetic terms. In section 5 we provide the complete canonical analysis. A special attention is paid to the case without potential terms of the two tetrads when the model is shown to possess two additional gauge symmetries. In section 6 we present a foliation-preserving modification of the model. Finally, section 7 is devoted to conclusions and discussion. A few appendices contain details of calculations and some useful formulae.
Our conventions are such that the internal space indices I, J = 0, . . . , 3 are raised and lowered by means of the flat Minkowski metric η IJ = diag(−, +, +, +). The Levi-Civita symbol with flat indices is normalized as ε 0123 = 1. On the other hand, for the antisymmetric tensor density with spacetime indices we useε 0123 = 1 andε 0abc =ε abc where a, b, . . . label spatial directions. The symmetrization and anti-symmetrization of indices are denoted by (· ·) and [· ·], respectively, and include the factors of 1/2.
The model
General relativity can be described in the first order formalism, using tetrads and a Lorentz connection as independent fields, by the Einstein-Cartan action [30] 
where
The action is invariant under diffeomorphisms as well as internal Lorentz transformations. In bi-gravity models written in this formalism [5, 32] one takes the sum of two actions S 0 with independent tetrads and connections, plus an interaction term:
For generic interactions one finds 8 degrees of freedom including the scalar BD ghost. Ghost-free models propagate only 7 degrees of freedom, corresponding to a massless and a massive graviton around the doubly flat spacetime, and are characterized by the following five interaction terms:
3)
The mass-dimension-2 parameters are two cosmological constants β 0 and β 4 , and three coupling constants β 1,2,3 determining in turn the mass of the second spin-2 particle appearing in the spectrum. It is a beautiful consequence of working with tetrads that the ghost-free interactions are the simplest ones that can be written down, and the only ones that can be written exclusively using differential forms. The model considered in this paper is obtained by keeping in the above action two different tetrads, but a single Lorentz connection. This leads to the following action 4) where the interaction term S int is taken to be as in (2.3) . Notice that we assumed the 'Newton's constants' of each sector to be positive, and reabsorbed them into a rescaling of the tetrads. The signs are relevant for the physical interpretation of the model, and our analysis can easily be generalized to arbitrary signs. One could also consider the mixed term where the curvature is multiplied by e I + ∧ e J − , but it can be removed by a linear redefinition of the tetrads. Up to these redefinitions, (2.4) is the most general action constructed from one Lorentz connection and two tetrads regarded as differential forms, which is linear in the curvature and invariant under diffeomorphism and Lorentz gauge transformations including parity.
Gauge symmetries
The action (2.4) is clearly invariant under 'diagonal' local Lorentz transformations and diffeomorphisms, namely those acting in the same way on both tetrads. For the usual ghost-free bi-gravity (2.2), it makes sense to speak also about local Lorentz transformations and diffeomorphisms acting independently on each set of variables. They are symmetries of the first two terms in (2.2), but not of the interaction term (2.3) generating the mass for one of the two gravitons. In contrast, in the model (2.4) the 'off-diagonal' symmetries are broken already by the kinematical first term. As was noticed in [23] (where the same action (2.4) was considered, but with only one tetrad dynamical and the second fixed), due to this fact one loses the symmetricity constraint 5) responsible for the equivalence between the metric and tetrad formulations of bi-gravity. The reason is the following. In the standard bi-gravity case, only the term S int contributes to the difference of the variations of the action (2.2) with respect to Lorentz gauge degrees of freedom in the two sectors, since the first two terms are individually invariant. The resulting equations (2.5) are purely algebraic, and allow one to exclude the corresponding 'off-diagonal' degrees of freedom even though the 'off-diagonal' Lorentz transformations are not a symmetry of the full action. With the new action (2.4), the kinetic term of the action does contribute to the same (difference of) variations, so that the resulting equation includes the curvature and turns out to be dynamical, instead of being a constraint like (2.5). As a consequence, a metric implementation of the same idea explored here, namely an action S(g + , g − , Γ) given by two Einstein-Hilbert actions sharing the same affine connection, plus the metric version of the ghost-free interactions, will in general give a different dynamics. In the particular case where all parameters β k are set to zero, i.e. in the absence of all interaction terms including the cosmological constant ones, the action (2.4) turns out to have two additional gauge symmetries. At the infinitesimal level, they act by
where ε is a transformation parameter. The first symmetry is evident by inspection of the action. The second becomes transparent if one uses
(2.7)
to rewrite the first term in (2.4) as
The appearance of these additional symmetries was quite surprising to us. In fact, we initially inferred their existence from the constraint analysis, and only afterwards identified them at the covariant level. As we show below in section 5.2, the canonical realization of the second symmetry is particularly non-trivial. Interestingly, the canonical analysis will show that the presence of the additional symmetries does not change the number of degrees of freedom. is the covariant exterior derivative with respect to the Lorentz connection ω IJ ) with the unique Levi-Civita solution ω IJ (e), one has
Equations of motion
This equation is still algebraic with respect to the connection and can be rewritten as
however it is clear that its solution is in general not a Levi-Civita connection, neither the sum of two Levi-Civita connections. Furthermore, since the 2-form B IJ is not simple (i.e. it is not a wedge product of two 1-forms), it is quite involved to define the inverse of the algebraic operator acting on the connection and find the general solution. Although in principle such general solution is known [10] (see also [33] ), it is a non-linear expression in B IJ constructed using the Urbantke metrics defined from a general 2-form. This solution does not appear to significantly simplify in the special case (2.9) of our current interest, and we leave investigations of this approach to future work.
Instead, we note that the connection equation can be easily solved for any pair of conformally equivalent tetrads, say e
In this case the 2-form B IJ is simple, for which the solution (2.13) reduces to the standard Levi-Civita connection 15) as follows from the transformation properties of the Levi-Civita connection under conformal transformations. As we will see below, it is the effective metric constructed from e
that acts as background for the massless graviton.
As for the tetrad equations, they give two sets at first sight similar to the ordinary Einstein equations in tetrad language:
where the right-hand side comes from the straightforward variations of (2.3). However because the connection is in general not Levi-Civita, its curvature is not equivalent to the Riemann tensor, and the left-hand side does not reproduce the Einstein tensor.
Linearization
To get a first understanding of the dynamics of the model and its degrees of freedom, in this section we study the linearization of (2.4) around a given background. Following the standard treatment of perturbation theory in tetrad variables (see e.g. [34] ), we define 2) which are related to the metric perturbations. Plugging the expansion (3.1) into the action and expanding to the quadratic order, one gets the linearized theory. Analyzing the resulting linearized field equations, one can then elucidate the physical meaning of the perturbations.
Doubly-flat background
The first case we study is the doubly-flat background, which in ghost-free bi-gravity allows one to provide a physical interpretation to all propagating degrees of freedom. It is defined bȳ
Expanding the action at first order, it is immediate to see that the doubly-flat background is a solution of the equations of motion only provided the parameters satisfy the following two conditions 4) corresponding to the absence of an effective cosmological constant. These conditions allow to exclude two of the parameters β k , for instance, β 1 and β 3 . Introducing the 'diagonal' and 'off-diagonal' combinations of the tetrad fluctuations
the action expanded to the second order reads
where all indices are raised and lowered with the flat Minkowski metric, and can be converted from spacetime to internal space indices and back using the flat tetrad δ (β 0 − 2β 2 + β 4 ) is the only parameter which remains in the linearized theory, and we observe that the 'off-diagonal' variables decouple: for β = 0 they are fixed by their equations of motion to zero, whereas in the case of vanishing β they remain undetermined describing pure gauge degrees of freedom, corresponding to an additional shift gauge symmetry of the linearized theory.
The equation obtained by varying w µ αβ is linear and algebraic, and has solution
in terms of the symmetric s µν ≡ 2f (µν) and antisymmetric a µν ≡ 2f [µν] parts of the 'diagonal' fluctuations. This expression is proportional to the Levi-Civita connection for fluctuations f µν around the effective metric 2η µν , see appendix A for details.
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Inserting the solution into the equation obtained by varying f µν , one finds that the antisymmetric part a µν drops out and remains unrestricted, whereas the symmetric part satisfies the following differential equation
The second order differential operator appearing in (3.8) is nothing but the linearized Einstein tensor G µν on a flat background. This analysis shows that the only propagating mode visible in the linear spectrum around the doubly-flat background is the massless spin-2 graviton, described by s µν . The internal Lorentz fields a µν are pure gauge, as in usual tetrad gravity. The crucial result is that the 'off-diagonal' field b µν , which carries the massive graviton mode in usual bi-gravity theories, is not dynamical in this linearization.
Conformally-related backgrounds
One may think that the reduction to Einstein's gravity at the linearized level and absence of additional propagating modes are a consequence of the high symmetry of the doubly-flat background. As we now show, these features persist in more general conformally-equivalent backgrounds, namelyē
Let us first study the equations of motion that the background has to satisfy. The equation for the connection can be solved as anticipated in Section 2.2, so thatω
is the Levi-Civita connection evaluated on the effective tetradē I = e ΦēI , with Φ defined as in (2.12). Substituting this solution into the variation of the action with respect to the tetrads, one finds the two equations
where G µν (ḡ) is the Einstein tensor evaluated on the effective metricḡ µν = η IJē I µē J ν , and
generalizing λ ± introduced in (3.4). Taking the difference of the two equations (3.10), one finds a constraint on
The factor of 2 can be understood from (2.16) and setting Ω ± = 1. Had we used the effective tetrad
µ to convert indices, we would obtain the right proportionality factor 1/4 in agreement with the doubly-flat limit of the more general formula (3.14) derived below.
This algebraic constraint can be solved for generic values of the coupling constants. There is no restriction on them as in the doubly-flat case, hence this perturbative expansion tests generic properties of our action. In addition, the Bianchi identity requires that the function multiplying the metric on the right hand side of (3.10) be a constant, which can be identified with the effective cosmological constant Λ. Thus, we have a stronger constraint
Finally, the two conformal factors must be such that the effective metricḡ µν satisfies the standard Einstein equations with cosmological constant Λ. Next, we study the equations on the perturbations w IJ µ and f ±,µν , which again can be conveniently decomposed in terms of 'diagonal' and 'off-diagonal' combinations (3.5), with the former split into its symmetric s µν and antisymmetric a µν parts. The analysis is a bit longer than in the doubly-flat case, we thus present here an overview of the results and report the details in Appendix A.
• The solution for the connection is given by a covariant version of (3.7),
where∇ is the Levi-Civita connection ofḡ µν . Crucially, this solution is again a linearization of the Levi-Civita connection for the 'diagonal' perturbations f µν around the effective backgroundḡ µν .
• The symmetric diagonal perturbations s µν satisfy the linearized Einstein equations on the background described by the effective metricḡ µν with cosmological constant (3.13), namely G • The antisymmetric perturbations a µν are pure gauge.
• The 'off-diagonal' perturbations b µν are non-dynamical: they are fixed in terms of the diagonal fields by an algebraic equation,
whereC µνρσ is the Weyl tensor of the effective background metric, and B and W are functions of the background and parameters β k defined in (A.18).
We conclude that at linear order the model propagates only one massless graviton around any background described by two conformally related tetrads. The main difference with respect to the doubly flat case is that the 'off-diagonal' perturbations do not have to vanish, but are fixed in terms of the solution of the linearized Einstein equations.
We also remark that all solutions of the linearized GR are included in our model, provided one can split the background metric as in (2.16) so that the two functions Ω ± satisfy the constraint (3.13).
Kinetic terms
In this section we switch to a canonical analysis to explain why the linear spectrum on conformally related backgrounds contains only one massless graviton and no additional degrees of freedom. To that end, we introduce a 3 + 1 decomposition of spacetime and analyze the kinetic terms. We parametrize the tetrads as in the familiar ADM decomposition [35, 36] , using a tilde over or under the fields to indicate spatial density of positive or negative weight:
Here e I ±,a and
and q ±,ab are the two induced metrics on the spatial slice, q ± are their determinants. An explicit solution of these relations is given by
Here the indices i, j = 1, 2, 3 are used to label spatial directions in the internal space, E i ±,a are spatial triads and E ± their determinants. We will denote their inverses by E a ±,i , and the densities
The kinetic term of (2.4) following from this decomposition is
where we introduced
Since the momentum conjugate to ω IJ a is not an elementary field, the structure of the kinetic term should be further disentangled. This can be achieved through a change of variables which generalizes the one used to bring the kinetic term to the canonical form in the case of one tetrad (see [39] and (C.13) in the last appendix),
Here the first two relations define 'diagonal' (
components of the tetrad (analogously to, but in a more complicated way than in (3.5)), whereas the last two trade the 18 components of the connection ω IJ a for η i a , the symmetric matrix r ij and the internal 6 Notice also that in the single metric case the norm of the vector χ i conveniently controls the nature of the foliation, from the standard space-like one to time-like [37] and null [38] .
spatial vector ω i . Using these new variables allows us to write the kinetic term of the action in the following form:
The first two terms are in the canonical form and familiar from the single tetrad [39] and standard bi-gravity cases [32] . On the other hand, the momentum conjugate to r ij is still not an elementary field. While we were not able to find a further change of variables which brings it to the canonical form, this expression for the kinetic term is sufficient to draw some definite conclusions.
In the case of GR in the first order formalism, there is only one tetrad, the fields d j i and ζ i describing the 'off-diagonal' sector are absent, and so is the non-canonical last term in (4.7).
Hence the six components r ij of the connection have vanishing momenta and are non-dynamical fields. In our case this is not true anymore. The momenta conjugate to r ij are non-vanishing and are given by
As a result, one expects that the model propagates up to six additional degrees of freedom, in agreement with the results of [23] . Let us consider however the linearization around any background with conformally related tetrads (3.9). The crucial observation is that for such backgrounds
Therefore, at linearized level the momenta (4.8) are again vanishing! This fact explains why the linear spectrum around these backgrounds contains only a massless graviton. It also shows that the hiding mechanism at play is based on the non-linear dependence on the 'off-diagonal' variables of the momenta of the additional degrees of freedom.
Canonical analysis
In this section we perform the complete canonical analysis of the model (2.4) and find the number of propagating degrees of freedom on generic backgrounds. Notice first that the action of our model can be equivalently written as the action of the standard ghost-free bi-gravity (2.2) constrained to have equal connections
where υ µ IJ is a Lagrange multiplier imposing the constraint. Integrating out υ µ IJ , one recovers the original action (2.4). Choosing (5.1) as the starting point allows to make the canonical analysis similar to the one of the ghost-free bi-gravity, to see their parallels and differences.
Primary constraints
For the purpose of canonical analysis, it is convenient to treat the time components of the connection directly as Lagrange multipliers. To be able to do this, we need to integrate out υ (4.1) , the action can be rewritten in the following canonical form (cf. [31, 40, 32] )
where the momenta ∼ P a ±,IJ are given by (4.5). The explicit expressions of G IJ , V ±,a and H ± can be found in (C.1). They form the set of primary constraints, together with
One must also take into account that not all components of ∼ P a ±,IJ are independent: as for usual gravity in tetrad variables, we have 6 simplicity constraints per sector,
Thus, in total one has 6 + 2 × 4 + 18 + 2 × 6 = 44 primary constraints. They are defined on a 72-dimensional phase space parametrized by ∼ P a ±,IJ and ω IJ ±,a , with symplectic structure
Before we proceed with the study of the constraint algebra, it is convenient to replace V ±,a by their linear combinations. Namely, we define
The advantage of this redefinition is that D a generates the standard spatial diffeomorphisms in both sectors. 7 Similarly, the Gauss constraint G IJ generates the local Lorentz transformations. It is easy to see that both these constraints commute weakly with all other constraints in agreement with their first class nature as generators of gauge transformations.
Let us now consider the simplicity constraints (5.4) together with the constraints (5.3). Their Poisson brackets are non-vanishing so that one can expect that they form second class pairs. But there are 18 constraints ψ 
7a) 7 Note that the interaction term S int does not contribute to D a .
where q ab ± are the inverses of the induced metrics defined in (4.2). We denote the set of these constraints by ψ X with X running over 6 values.
As a result, we remain with the set of constraints ψ X ,V a and H ± for which we should study the stability conditions. This problem is very similar to what one has in the ghost-free bi-gravity [32] : the only difference is that there, instead of ψ X , one has the off-diagonal GaussĜ IJ given by the difference of the Gauss constraints in the two sectors. Let us recall that in the case of bi-gravity the stabilization ofĜ IJ gives rise to three secondary constraints S a which coincide with the spatial components of the symmetricity conditions (2.5). ThenĜ IJ form second class pairs withV a and S a . At the same time, the stability of the two Hamiltonian constraints H ± also generates the secondary constraint [32, Eq.(3.14)]
which in turn forms a second class pair with a linear combination of H ± , whereas another combination remains first class. It is trivial to check that this constraint structure leads to 14-dimensional phase space, i.e. to 7 degrees of freedom of one massless and one massive gravitons, whereas the constraint Ψ (5.8) is nothing but the constraint removing the BD ghost. In our case the constraint structure is certainly going to be different since we already know that the symmetricity conditions do not arise in our model. On the other hand, it is interesting that the constraint removing the BD ghost is still imposed. Indeed, the constraint (5.8) is simply a linear combination of our constraints ψ IJ a . Thus, both primary and secondary constraints responsible for the absence of the BD ghost in bi-gravity appear now as primary constraints, which allows us to conclude that our model is free from the BD ghost.
Absence of the interaction terms
Before treating the general case, it is useful to consider the case where all parameters β k are taken to vanish, i.e. the interaction term S int is not included. As was noticed in section 2, then the model possesses two additional gauge symmetries (2.6). Therefore, the first natural question is: what are the first class constraints generating them? Since the symmetry transformations do not affect the connections, it is clear that the generators must be linear combinations of the constraints (5.7). Comparing their commutators with the canonical variables against the transformations given in appendix B, one can check that the generator of S 1 coincides with ψ 0 , whereas the generator of S 2 is given by
− is the Lagrange multiplier ofV a . These identifications make sense only if the corresponding constraints ψ 0 and ψ are first class, i.e. commute with all other constraints. Potentially, the only non-vanishing commutators can be withV a and H ± . We provide their explicit expressions in appendix C and prove that ψ 0 indeed weakly commutes with all constraints.
The situation with ψ is more complicated. First of all, it is already a bit unusual that one has to consider a quantity which is not really a function on the phase space since it also involves Lagrange multipliers. In fact, this is analogous to the generator of time diffeomorphisms in any generally covariant theory which is known to coincide with the full Hamiltonian (see, e.g. [41, 42] ), i.e. it is the linear combination of first class constraints with coefficients given by the corresponding Lagrange multipliers. But here there is an additional complication: the constraints entering (5.10) are not first class! Indeed, the matrix of commutators of ψ A ′ = (ψ a , ψ + , ψ − ) with H A = (V a , H + , H − ) has the following structure
where A ab , B ± a and C are defined in (C.8). However, it turns out that the vanishing of all commutators is not necessary for ψ to be a symmetry of the action! To see why this is so, let us write the action in the canonical form as
where q i , p i are our canonical variables, G α is the set of all primary constraints and n α are their Lagrange multipliers. Furthermore, we know that
and under the action generated by ε α G α , the canonical variables and the Lagrange multipliers transform as
For the generator ψ (5.10), one must take
, and zero otherwise. Then applying the transformation (5.14) to the action (5.12) and using the constraint algebra (5.13), it is easy to see that the variation vanishes provided the matrix M A ′ B is antisymmetric. Remarkably, this is indeed the case for the matrix (5.11).
Let us now turn to the stability conditions for the remaining constraints, i.e ψ A ′ and H A . It is clear that they reduce to the equations
where υ B ′ are Lagrange multipliers for ψ X and the dots denote contributions from commutators of H A with all other constraints. From the first equation, one finds
and
Since M ab is a 3 × 3 antisymmetric matrix, it has a vanishing determinant and the equations (5.17) fix only 2 of the 3 components ofN a aŝ
This is consistent with the fact that one combination of the constraints H A is first class, whereas 4 remaining constraints are second class. In the following, it will be convenient to use notations N A for the functions on the phase space determining the Lagrange multipliers N A up to the factor of ∼ N so that we have which form with φ ab ± second class pairs). Importantly, one Lagrange multiplier remains unfixed implying that one combination of ψ A ′ is first class, whereas 4 others are second class.
Explicitly, the combinations of the constraints which are first class can be written as
where this time the dots denote terms proportional to φ ab ± and ψ IJ a which can be fixed from the stability equations of these constraints. The first class constraint ψ can be thought also as the generator of the gauge symmetry S 2 . However, this is true only on mass shell: this constraint is proportional to the generator (5.10) provided the Lagrange multipliers are set to their values fixed by the stability conditions.
We conclude that in the absence of the interaction term the 72-dimensional phase space carries 12 first class constraints G IJ , D a , H, ψ 0 , ψ. and 32 second class constraints comprising φ ab ± , 16 components of ψ IJ a and 4 constraints out of (V a , H + , H − ). This leaves 72−2×12−32 = 16 dimensional phase space, i.e. 8 degrees of freedom. Two of them correspond to the massless graviton, whereas the remaining six can be viewed as the components of the connection r ij becoming dynamical on general background, as suggested by (4.7).
Inclusion of the interaction terms
After adding the interaction term S int , the structure of the commutators changes. Since there are no the gauge symmetries (2.6) anymore, there are no linear combinations of ψ X which commute with all H A . As a result, all of them give rise to non-trivial stability equations generalizing (5.15) 20) where M XA denotes the matrix of commutators. Its evaluation is discussed in appendix C although we refrain from providing explicit expressions for its entries since they are cumbersome and not illuminating. The stability conditions (5.20) represent a system of 6 linear homogeneous equations on 5 Lagrange multipliers N A . Furthermore, the vanishing solution N A = 0 is not physically acceptable. Therefore, among these 6 equations there should exist at least 2 which are not conditions on the Lagrange multipliers, but secondary constraints. In this case the solution necessarily has the form N A = ∼ NN A where N A are some functions on the phase space fixed by the stability conditions. Unfortunately, we have not been able to find any simple expression for the secondary constraints, but formally they can be represented as conditions of vanishing determinants. For instance, they can be chosen as
where ψ ± A ′ denotes the vector of constraints (ψ a , ψ ± , ψ 0 ). Then 6 constraints ψ X form second class pairs with 6 constraints comprising S + , S − and 4 constraints out of (V a , H + , H − ), whereas the total Hamiltonian
remains first class, as in (5.19) . The dimension of the constrained phase space in this case is given by 72 − 2 × 10 − 36 = 16, which again corresponds to 8 degrees of freedom having the same interpretation as above.
Foliation-preserving model
In this section we present another model which can be viewed as a restriction of the previous one to a particular sector. The motivation to consider it comes from the observation that under the condition χ
which can also be written in a Lorentz covariant form as (e +,a
the commutators of constraints (see Appendix C) significantly simplify. In fact, these simplifications are not accidental, but reflect a degeneracy of the sector (6.1), manifest already from the fact that the constraints ψ a defined in (5.7a) become identically zero. Moreover, it is easy to check that the 9 constraints defined by
weakly commute with both φ ab ± and the constraints (6.2) which will be denoted by ∆ a . This implies that in the sector of equal χ i ± , the matrix of commutators of ψ IJ a and φ ab ± acquires an additional degeneracy and some of the constraints which formed second class pairs do not do this anymore.
More precisely, one finds that only 9 constraints among ψ 
1). Note that this is not true however for
where ∼ e a I is the inverse of E − e I +,a +E + e I −,a , and we notice that the last term is proportional to ∆ a . Thus, in this sector one gets more constraints which generate non-trivial stability conditions. There are 9 + 6 + 3 + 2 = 20 such constraints: ψ I a , µ ab ,V b and H ± . Let us briefly discuss the resulting constraint structure without going into the details of the calculations. First, the stability of ψ I a and µ ab generates 9 + 6 = 15 equations which are homogeneous equations on 5 Lagrange multipliers N A = (N a , ∼ N + , ∼ N − ). Thus, one could think that, as in the previous analysis, the requirement of non-vanishing of the two lapses guarantees that they fix only 4 Lagrange multipliers and the remaining equations generate 11 secondary constraints. However, now there is a new feature: the stability equations involve spatial derivatives of the lapses which arise from commutators with µ ab (6.4). In such situation the system of equations is not required to be fully degenerate to have a non-vanishing solution. Therefore, the 15 stability conditions fix all 5 Lagrange multipliers up to a constant and generate only 10 secondary constraints. Altogether 30 constraints form 15 second class pairs and one remains with 72 − 2 × (9 + 15) − 2 × 9 = 6 dimensional phase space, i.e. 3 degrees of freedom.
The striking difference with the previous cases is that now there are only 9 first class constraints. This is because one lost time diffeomorphisms since both lapses have been fixed by the stability conditions turning both Hamiltonian constraints into second class. This is consistent with the observation that the sector analyzed here can be obtained by adding the constraint ∆ a directly to the action. However, the term generating it cannot be written in a spacetime covariant form. The best one can do is to write where λ a 0 is some Lagrange multiplier field. Such term preserves the Lorentz symmetry and spatial diffeomorphisms, but breaks time diffeomorphisms. It is this breaking that is responsible for the appearance of the third degree of freedom in this model.
Note however that the additional term in (6.5) is still invariant under reparametrizations of time which are independent of spatial coordinates x 0 → x ′0 (x 0 ). This means that time diffeomorphisms are not broken completely, but their global zero mode remains to be a symmetry. Remarkably, this is consistent with the canonical analysis sketched above which showed that the lapses are fixed by the stability conditions only up to a constant which is promoted to a function of time. These reduced symmetries are precisely consistent with a reduction of full diffeomorphism invariance to foliation-preserving diffeomorphism invariance. Thus, the model (6.5) represents an interesting mild modification of general relativity, in the sense that there is only one additional degree of freedom, related to the breaking of time diffeomorphisms.
Discussion
In this paper we analyzed a bi-gravity model obtained starting from the first order formulation of ghost-free bi-gravity and imposing that the two tetrads are charged under the same Lorentz connection. We found that this changes strongly the dynamics and the spectrum of the original theory. In particular, the linearization around any background with conformally related tetrads reduces to linearized GR and thus propagates only the 2 degrees of freedom of a massless graviton. This means that all solutions of linearized Einstein's theory can be included in our model, as argued at the end of section 3. At the non-linear level, we found 8 propagating degrees of freedom. Besides the 2 degrees of freedom of a massless graviton, there are 6 additional modes which can be traced back to the lost of the symmetricity conditions (2.5) and thus to the absence of the equivalence with the metric formalism. The precise properties of the additional degrees of freedom remain to be investigated. To that end, one should either compute higher orders of the perturbative expansion around the doubly-flat background, or linearize the theory around a background with non-conformally equivalent tetrads so that these degrees of freedom become visible in the linear approximation. The problem with the latter approach is that the solution of the connection equation (2.10) becomes much more complicated, see e.g. [10] , and one may expect that the geometric interpretation of the corresponding results will be intricate.
While we have no definite results about the nature of the additional degrees of freedom,
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we were able to identify the mechanism at play in hiding them around conformally related backgrounds: this originates in the non-linear dependence of their momenta on the off-diagonal tetrad components. Furthermore, we claim that these additional propagating modes contain neither the BD ghost, nor a massive graviton. This may appear at odds with the arguments of [24, 25] , but it is simply a consequence of the fact that the two constraints which remove the BD ghost in ghost-free bi-gravity, are still present in our model. At the same time, the absence of a massive graviton is expected because the additional degrees of freedom originate from a different set of canonical fields than the one which gives rise to such graviton in standard bi-gravity. In our case these are the fields which are typically fixed by the symmetricity constraint (2.5). In our model this constraint is absent and the corresponding fields become dynamical.
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One may try to compare these results with [23] , where an equivalent action was considered, but taking only one of the tetrads dynamical. In that case the authors argued that the phase space of the theory should be either 2 × 10 or 2 × 8-dimensional, which was interpreted as describing 5 modes of a massive graviton plus 5 or 3 additional modes. One could then think that the extension to the bi-gravity case just adds the two modes of a massless graviton. If this was true, our model would have either 10 or 12 degrees of freedom, among which one would find, in particular, one massless and one massive graviton. However, such conclusion disagrees with our findings.
It is interesting that our model has 8 degrees of freedom independently of the presence of the interaction term (2.3) (which includes the two cosmological constants). In the case where this term is absent, the model possesses two additional gauge symmetries which however do not change the number of degrees of freedom: while they do convert two second class constraints into first class, two other second class constraints drop out.
Our model has also an interesting twist presented in section 6. It is obtained by imposing a set of additional constraints which restrict the model into a certain sector degenerate from the point of view of the canonical structure. The resulting model turns out to be foliationpreserving and propagates 3 degrees of freedom, a massless graviton and a scalar. This situation is similar to other foliation-preserving modified theories of gravity such as Einstein-aether theory (with hypersurface-orthogonal vector) [27] , Horava-Lifshitz gravity [28] , which attracted much attention, or the recently introduced generalized unimodular gravity [29] . These theories have a wide range of applications [44, 45] , and it would be interesting to further investigate and compare to the existing literature the model here presented.
There are other possible generalizations of the model. For instance, one can include parity breaking terms similar to the one which introduces the Immirzi parameter [46] . With two tetrads, there are three such new terms. One may also study more general interaction potentials to see whether they lead to the appearance of the BD ghost, as it happens in the standard bi-gravity. Another possibility is to consider more than two tetrads charged under the same connection. As argued in the Introduction, we expect that such model should still contain only one graviton in its spectrum. And of course, it is crucial to understand what is the correct way to introduce matter couplings.
Coming to applications and further developments, one may hope that this model, or any of its extensions including the foliation-preserving one, can be useful for cosmology. The modified dynamics and the additional degrees of freedom may lead to phenomenologically interesting infrared modifications of gravity, be it at cosmological or galactical scales. On the other hand, the fact they are invisible at linearized level may be helpful in ensuring that the model is not in contradiction with the known experimental results. Finally, it would also be interesting to understand how our model changes the discussion of horizon structures and black holes from ordinary bi-gravity [47] .
To conclude, we wish to highlight a possible conceptual lesson of our work -the crucial role of the connection field in carrying the gravitational interaction, as opposed to the tetrad (or metric). In fact, one may expect that a theory with two tetrads will always contain two gravitons, but we have shown otherwise, exposing a theory with two tetrads, a single connection and a single graviton. This lesson resonates with many approaches to classical and quantum gravity where one moves the emphasis from the tetrad (or metric) to the connection field (see, for instance, [48, 49, 50] ).
In this Appendix we provide additional details and explicit formulas for the linearization considered in section 3.2. The equation for the connection perturbations is given by
For generic backgrounds, this presents the same difficulty of the full equation, namely the bivector multiplying the perturbed connection is not simple, and its inversion is complicated. The situation changes significantly for conformally related backgrounds. First, the background connection is Levi-Civita with respect to the effective tetradē I = e ΦēI , as already shown in the main text:ω
Here∇ µ is the covariant derivative compatible with the effective background metricḡ µν . As a consequence, the covariant derivative D µ = ∂ µ + ω µ is compatible with projecting the internal indices using the effective tetrad, namely
In addition, we have the property
That is, the on-shell connection is Levi-Civita with respect to the effective tetrad, but carries torsion with respect to the two fundamental tetrads. The torsion vanishes only when the backgrounds coincide exactly, like for the doubly-flat background. Secondly, we can identify the 'diagonal' and 'off-diagonal' tetrad perturbations
so that they are related to the tensorial perturbations, defined in the same ¿ way as in (3.5) , by
Using (A.4) we can rewrite (A.1) in terms of the 'diagonal' tetrad perturbations only,
This equation can now be recognized as the first order expansion of the standard torsion free condition, and admits the unique Levi-Civita solution
We remark that even if the tetrad perturbation are arbitrary and not conformally related, the on-shell connection perturbation is again Levi-Civita. This fact is crucial in recovering the Einstein's equations below. To see that, we consider now the equations for tetrad perturbations which take the following form
(A.10)
These coefficients are related to the coefficients λ ± defined in (3.11) by
Substituting the solution (A.1) for w IJ µ into (A.9) and using the tetrad equations for the background, one finds after some algebra
whereC µνρσ is the Weyl tensor of the effective metricḡ µν ,
is the linear term in s µν of the expansion of the Einstein tensor evaluated on the metric g µν +s µν , and we introduced two sets of coefficients
(A.14)
Taking into account the definition of Λ (3.13), the constraint (3.12) and the relations (A.11), it is easy to show that these coefficients satisfy
Using these properties, the two equations (A.12) can be rewritten as
(A.18)
Since Q + = Q − , the equations are equivalent to vanishing of the two lines separately. The vanishing of the first line coincides with the linearized Einstein equations (3.15), whereas the vanishing of the second gives the relation (3.16) due to the tracelessness property of the Weyl tensor. Thus, the 'off-diagonal' perturbations b µν are completely determined by the 'diagonal ones', the symmetric part s µν of the 'diagonal' perturbations satisfies the linearized Einstein equations, whereas its antisymmetric part a µν remains unrestricted and hence pure gauge.
B. The action of the additional gauge symmetries
In this appendix we present the action of the gauge symmetries (2.6) on the variables appearing in the 3 + 1 decomposition (4.1).
For the first symmetry S 1 , one obtains
For the second symmetry S 2 , one first finds the transformation of the tetrad
Taking into account that in each sector the decomposition (4.1) implies the following form of the inverse tetrad e
where the determinant of the tetrad is given by
, the transformation (B.2) can be rewritten as
Starting either from this result or directly from (2.6b), one can also derive the following transformations
An important observation is that in both transformations (B.1) and (B.5) the shifts enter only in the combinationN a . This is consistent with the general form of the transformation of the Lagrange multipliers (5.14) and the form of the constraint algebra. Another remark is that, in contrast to the first symmetry, the transformations of the canonical variables under the second are proportional to the Lagrange multipliers, whereas the transformations of the Lagrange multipliers themselves are quadratic in them. This indicates that the canonical generator of the second symmetry is constructed using these Lagrange multipliers, in agreement with (5.10).
C. Constraints and commutators
The constraints appearing in the decomposed action (5.2) have the following explicit form
where D 
where we introduced a convenient notation d ± = q ab ± (e +,a e −,b ). Before we proceed, let us note the following useful identities 
This property ensures that in the right hand side of commutators one can always do the replacement
First, we provide commutators between the constraints ψ X = (ψ a , ψ + , ψ − , ψ 0 ) (5.7) and
Introducing the relevant part of the Hamiltonian
and using the above properties, it is straightforward to obtain {ψ a , H} ≈ −(
From this result it follows that the matrix of commutators defined in (5.11) has the structure shown in that equation with the entries given by
At the same time, one can prove that the commutator (C.7d) is actually weakly vanishing. Indeed, the first term can be rewritten as where at the second step we used the identity (C.3b) and at the fourth step we used the definition of where at the first step we used the definition of ∼ P a +,IJ and contracted the two ε-factors, at the third step we used (C.3b) and (C.3c), and at the last step we applied (C.3d) in the last term. This last term can then be rewritten as where at the second step we again used (C.3d) and (C.3b), and at the third step (C.3e). Thus, the full commutator reads .7)). Such formalism is equivalent to solving explicitly the simplicity constraints (5.4) and changing the symplectic structure to the one given by the corresponding Dirac bracket.
12 However, the lost of covariance makes all computations extremely cumbersome. Fortunately, it is possible to represent the resulting Dirac brackets in a covariant form [32] {ω IJ ±,a ,
±,a , {ω ±,a .
(C.14)
12 In this formalism the distinguishing feature of the constraints (5.7) is that they are such combinations of ψ But then the simple canonical commutation relations (5.5) are also replaced by the Dirac bracket and become more complicated [40] , which again makes computations quite involved.
Remarkably, in our case it is possible to apply (C.14) and still use the canonical form (5.5) for the commutator of the connections with ∼ P a ±,IJ , which in particular implies that the results (C.7) for the part of the commutators without the interaction terms are still valid. The reason for this is that the relevant stability conditions only require to compute {ψ X , H A } D . But ψ X by definition weakly commute with the simplicity constraints φ ab ± which reduces the Dirac bracket to the usual Poisson bracket.
In this way one can compute all relevant commutation relations, {ψ X ,D int a } and {ψ X , H int ± }. However, the resulting expressions are somewhat messy and not illuminating. In particular, we have not been able to identify any simple form of the secondary constraints which they are supposed to generate. Due to this reason, we do not provide them in this paper.
